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Milestones: the large assimilation systems
(the three most quoted papers)

9900 citations

2702 citations

1609 citations

Oceans
Land

Atmosphere



Milestones: focus on hydrology
(among most quoted papers)

280 citations

506 citations

Soil Moisture

Vegetation status





One working 
definition of data 
assimilation
The set techniques 
the combine data 
with some underlying 
process model to 
provide optimal 
estimates of the true 
state and/or 
parameters of that 
model.

Model (and its ‘non-
observable’ parameters)

Forcing data

States 
Observation

Data
State estimation

Improved
State estimation

Model inversion

Bayesian estimation



Inverse problems: Reasoning backwards
Most people, if you describe a train of events to them will tell you what
the result will be. There are few people, however that if you told them a 
result, would be able to evolve from their own inner consciousness
what the steps were that led to that result. This power is what I mean
when I talk of reasoning backward.

Sherlock Holmes,
A Study in Scarlet,

Sir Arthur Conan Doyle (1887)



Probability

DataModel

Key underlying concept: both data and model have errors, 
hopefully of different origin, so model and data can 
complement each other to reduce the overall uncertainty



Von Mises vs. Bayes

The frequentist approach:
- Strictly objective probabilities
- Predictions are repeated in 

time, many times
- Prediction erros can be 

precisely described by statistical
means

The Bayesian approach:
- Proabality as ‘degree of belief’ (largely

subjective)
- Predictions are sporadic in time (even

once in a lifetime)
- Utility comes on …

1883-1953 1702-1761

Historic approaches to probability



The forecast-analysis cycling

How to perform the analysis for a control 
state variable that is not observed?





Recursive 
Bayes
Estimation

Discrete
Linear
Gaussian

Kalman
Filter



Discrete Kalman Filter

Estimate the state 𝒙𝒙 ∈ ℜ𝑛𝑛 of a 
linear stochastic difference equation (model)

𝒙𝒙𝑘𝑘 = 𝑨𝑨𝒙𝒙𝑘𝑘−1 + 𝑩𝑩𝒖𝒖𝑘𝑘 + 𝒘𝒘𝑘𝑘−1

where 𝒘𝒘 is a 𝑁𝑁 0,𝑸𝑸 process noise (model error) with zero mean
and covariance matrix𝑸𝑸 ∈ ℜ𝑛𝑛 × ℜ𝑛𝑛,

given measurements (data) 𝒛𝒛 ∈ ℜ𝑚𝑚 related to states through the 
linear observation equation

𝒛𝒛𝑘𝑘 = 𝑯𝑯𝒙𝒙𝑘𝑘 + 𝒗𝒗𝑘𝑘

where 𝒗𝒗 is a 𝑁𝑁 0,𝑹𝑹 measurement noise (data error) with zero 
mean and covariance matrix 𝑹𝑹 ∈ ℜ𝑚𝑚 × ℜ𝑚𝑚



Estimates

�𝒙𝒙𝒌𝒌 ∈ ℜ𝑛𝑛 is the estimated state at time step 𝑘𝑘

�𝒙𝒙𝒌𝒌− ∈ ℜ𝑛𝑛 …. after prediction, before observation (prior, background)

�𝒙𝒙𝒌𝒌
+ ∈ ℜ𝑛𝑛 …. after prediction and observation (posterior, analysis)

Errors

𝒆𝒆𝒌𝒌− = 𝒙𝒙𝑘𝑘 − �𝒙𝒙𝒌𝒌− with covariance matrix 𝑷𝑷𝑘𝑘− = 𝔼𝔼 𝒆𝒆𝒌𝒌−𝒆𝒆𝒌𝒌−𝑇𝑇

𝒆𝒆𝒌𝒌
+ = 𝒙𝒙𝑘𝑘 − �𝒙𝒙𝒌𝒌

+ with covariance matrix 𝑷𝑷𝑘𝑘+ = 𝔼𝔼 𝒆𝒆𝒌𝒌
+𝒆𝒆𝒌𝒌

+𝑇𝑇

Goal of Kalman Filter �𝒙𝒙𝒌𝒌−
𝑷𝑷𝑘𝑘−

⇒
�𝒙𝒙𝒌𝒌
+

𝑷𝑷𝑘𝑘+
; 𝑚𝑚𝑚𝑚𝑚𝑚 𝑷𝑷𝑘𝑘+



Time Update (Prediction)

Measurement Update (Analysis)

�𝒙𝒙𝒌𝒌− = 𝑨𝑨�𝒙𝒙𝒌𝒌−1
+ + 𝑩𝑩𝒖𝒖𝑘𝑘

𝑷𝑷𝑘𝑘− = 𝑨𝑨𝑷𝑷𝑘𝑘−1+ 𝑨𝑨𝑇𝑇 + 𝑸𝑸

𝒙𝒙𝑘𝑘 = 𝑨𝑨𝒙𝒙𝑘𝑘−1 + 𝑩𝑩𝒖𝒖𝑘𝑘 + 𝒘𝒘𝑘𝑘−1
𝑸𝑸 = 𝔼𝔼 𝒘𝒘 𝒘𝒘𝑇𝑇

← Can you derive this, at least
in the scalar case?

Kalman Gain

𝑲𝑲𝑘𝑘 = 𝑷𝑷𝑘𝑘−𝑯𝑯𝑇𝑇 𝑯𝑯𝑷𝑷𝑘𝑘−𝑯𝑯𝑇𝑇 + 𝑹𝑹 −1 ← Proportional to …..?𝒛𝒛𝑘𝑘 = 𝑯𝑯𝒙𝒙𝑘𝑘 + 𝒗𝒗𝑘𝑘
𝑹𝑹 = 𝔼𝔼 𝒗𝒗 𝒗𝒗𝑇𝑇

�𝒙𝒙𝒌𝒌
+ = �𝒙𝒙𝒌𝒌− + 𝑲𝑲𝑘𝑘 𝒛𝒛𝑘𝑘 − 𝑯𝑯�𝒙𝒙𝒌𝒌−

𝑷𝑷𝑘𝑘+ = 𝑰𝑰 − 𝑲𝑲𝑘𝑘𝑯𝑯 𝑷𝑷𝑘𝑘−

Innovation

← How this motivates the term
‘Kalman Gain’?



Kalman Filter main hypotheses:

• Linear model & observation equations

• Gaussian error distributions
(needed to ensure𝑚𝑚𝑚𝑚𝑚𝑚 𝑷𝑷𝑘𝑘+ )

Adapted from Reichle, Adv. Water res., 2009.



A pure filtering example:
Filtering cloud-contaminated LST 
observations from MSG-SEVIRI

𝑇𝑇𝑘𝑘 = 𝛼𝛼𝑘𝑘𝑇𝑇𝑘𝑘−1 + 𝛽𝛽𝑆𝑆𝑘𝑘 + 𝑣𝑣𝑘𝑘
𝑇𝑇𝑘𝑘 = 𝐿𝐿𝐿𝐿𝐿𝐿𝑘𝑘 + 𝑤𝑤𝑘𝑘

Incoming short-wave radiation

SEVIRI Land Surfce Temperature retrievals, 3km res., 30’ revisit

Partial relaxation of Gaussian measurement error
hypothesis:
• 𝑤𝑤𝑘𝑘 comes from the mixture of a ‘standard’ 

𝑁𝑁 0,𝑅𝑅∗ Gaussian noise ad a ‘much larger’ (non-0 
mean!) cloud contamination error.

• Which error component is active at time 𝑘𝑘 can be 
‘detected’ with the innovation:

𝑅𝑅𝑘𝑘 = �𝑅𝑅
∗ 𝑖𝑖𝑖𝑖 𝑇𝑇𝑘𝑘− − 𝐿𝐿𝐿𝐿𝐿𝐿𝑘𝑘 ≤ 𝛿𝛿 𝑅𝑅∗ + 𝑄𝑄
∞ 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜

𝑃𝑃𝑃𝑃𝑃𝑃 𝑤𝑤𝑘𝑘

°𝐾𝐾

Cloud 
Contamination



𝑅𝑅𝑘𝑘 = �𝑅𝑅
∗ 𝑖𝑖𝑖𝑖 𝑇𝑇𝑘𝑘− − 𝐿𝐿𝐿𝐿𝐿𝐿𝑘𝑘 ≤ 𝛿𝛿 𝑅𝑅∗ + 𝑄𝑄 �1 2

∞ 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 Kalman Gain is zero in this case, 
and the observation is discarded!

Model prediction

Valid LST

Cloud 
contaminated
(not used)

Reliable Analysis
(𝑃𝑃𝑘𝑘+ ≤ 𝑅𝑅∗ + 𝑄𝑄)

𝑄𝑄 �1 2 = 𝑅𝑅∗ �1 2 = 1°𝐾𝐾 ; 𝛿𝛿 = 2.5



Validation with MODIS



Extended Kalman Filter

𝑷𝑷𝑘𝑘− = 𝑨𝑨𝑷𝑷𝑘𝑘−1+ 𝑨𝑨𝑇𝑇 + 𝑸𝑸

Non-linear model and/or 
measurement equation: 

Linearization (Jacobians) to 
propagate covariances

𝒙𝒙𝑘𝑘 = 𝑭𝑭 𝒙𝒙𝑘𝑘−1,𝒖𝒖𝑘𝑘 + 𝒘𝒘𝑘𝑘−1

𝒛𝒛𝑘𝑘 = 𝑮𝑮 𝒙𝒙𝑘𝑘 + 𝒗𝒗𝑘𝑘

𝑲𝑲𝑘𝑘 = 𝑷𝑷𝑘𝑘−𝑯𝑯𝑇𝑇 𝑯𝑯𝑷𝑷𝑘𝑘−𝑯𝑯𝑇𝑇 + 𝑹𝑹 −1

𝑷𝑷𝑘𝑘+ = 𝑰𝑰 − 𝑲𝑲𝑘𝑘𝑯𝑯 𝑷𝑷𝑘𝑘−

𝑨𝑨 = 𝕁𝕁 𝑭𝑭 =

𝜕𝜕𝑓𝑓1
𝜕𝜕𝑥𝑥1

⋯
𝜕𝜕𝑓𝑓1
𝜕𝜕𝑥𝑥𝑛𝑛

⋮ ⋱ ⋮
𝜕𝜕𝑓𝑓𝑛𝑛
𝜕𝜕𝑥𝑥1

⋯
𝜕𝜕𝑓𝑓𝑛𝑛
𝜕𝜕𝑥𝑥𝑛𝑛

𝑯𝑯 = 𝕁𝕁 𝑮𝑮 =

𝜕𝜕𝑔𝑔1
𝜕𝜕𝑥𝑥1

⋯
𝜕𝜕𝑔𝑔1
𝜕𝜕𝑥𝑥𝑛𝑛

⋮ ⋱ ⋮
𝜕𝜕𝑔𝑔𝑛𝑛
𝜕𝜕𝑥𝑥1

⋯
𝜕𝜕𝑔𝑔𝑛𝑛
𝜕𝜕𝑥𝑥𝑛𝑛

May quickly diverge (𝑲𝑲𝑘𝑘 → 0,∞) if the system is
‘really’ non-linear



Ensemble Kalman Filter

A ‘smart’ evolution of the 
Unscented Kalman Filter …

Non-linear properties of both model and measurement
equations are fully retained, by:
- Heuristic sampling from a multidimensional Gaussian

distribution;
- Not explicitly estimating the prior model error covariance 𝑷𝑷𝑘𝑘−

(the step that required linearization in the Ext. KF)   



Initialization
𝑀𝑀 initial ensemble members �𝒙𝒙01+,�𝒙𝒙02+, … , �𝒙𝒙0𝑀𝑀+ What choices can be made 

here?   … Based on what? 

Ensemble Prediction

�𝒙𝒙𝑘𝑘𝑖𝑖− = 𝑭𝑭 �𝒙𝒙𝑘𝑘−1𝑖𝑖+ ,𝒖𝒖𝑘𝑘 + 𝒘𝒘𝑘𝑘−1
𝑖𝑖

Explicit, sampled
from 𝑁𝑁 0,𝑸𝑸

�𝒙𝒙𝑘𝑘− = �𝒙𝒙𝑘𝑘𝑖𝑖−

Kalman Gain

�𝒛𝒛𝑘𝑘𝑖𝑖 = 𝑮𝑮 �𝒙𝒙𝑘𝑘𝑖𝑖− �𝒛𝒛𝑘𝑘 = �𝒛𝒛𝑘𝑘𝑖𝑖

𝑲𝑲𝑘𝑘 = �𝒙𝒙𝑘𝑘𝑖𝑖− − �𝒙𝒙𝑘𝑘− �𝒛𝒛𝑘𝑘𝑖𝑖 − �𝒛𝒛𝑘𝑘
𝑇𝑇

�𝒛𝒛𝑘𝑘𝑖𝑖 − �𝒛𝒛𝑘𝑘 �𝒛𝒛𝑘𝑘𝑖𝑖 − �𝒛𝒛𝑘𝑘
𝑇𝑇

+ 𝑹𝑹
−1

𝑲𝑲𝑘𝑘 = 𝑷𝑷𝑘𝑘−𝑯𝑯𝑇𝑇 𝑯𝑯𝑷𝑷𝑘𝑘−𝑯𝑯𝑇𝑇 + 𝑹𝑹 −1
Linear Kalman Filter

Ensemble 
mean

Ensemble Analysis

�𝒙𝒙𝒌𝒌
𝑖𝑖+ = �𝒙𝒙𝒌𝒌

𝑖𝑖− + 𝑲𝑲𝑘𝑘 𝒛𝒛𝑘𝑘 − �𝒛𝒛𝑘𝑘𝑖𝑖 + 𝒗𝒗𝑘𝑘𝑖𝑖 �𝒙𝒙𝑘𝑘+ = �𝒙𝒙𝑘𝑘𝑖𝑖+ 𝑷𝑷𝑘𝑘+ ??



EnKF Assimilation of 
SEVIRI-LST & ground data 
for snowpack dynamics

Torgnon, Val d’Aosta, 
2160 m a.s.l.

Assimilated data
Different combinations of:

• MSG-SEVIRI LST, or
• Ground Station LST

• Snow depth
• Albedo



Validation



In practice:
Get reliable
innovations from 
ground (very sparse) 
observations, use 
satellite LST to spatially
interpolate them



Strengths and weaknesses in Kalman-based algorithms (LKF, EKF, 
UKF, EnKF …) come from the same key assumption:
Second-order (mean & covariance) approximation to probability
distributions. 

These two distributions have
exactly the same mean an variance

Hypothesis of Gaussian distribution is not really the issue: 
it is needed to prove ‘optimality’, but it works for LKF only anyway!



SMAP L4 Global 3-hourly 9 km Surface 
and Rootzone Soil Moisture, Version 4



Propagating and analyzing (.. an 
approximation of …) the entire
proabability distribution

Sequential Monte Carlo 
/ Particle Filter

Pros: 

• Can accomodate non-linearity and non-Gaussianity

• Explicit implementation of the Recursive Bayesian State 
Estimation

• Very simple to code

Cons:

• Computationally expensive, especially for large dimensions

• Case-specific, euristic sampling techniques

• Risk of degeneracy of samples



Recursive Bayesian Estimation basics

𝒙𝒙𝑘𝑘 = 𝑨𝑨𝒙𝒙𝑘𝑘−1 + 𝑩𝑩𝒖𝒖𝑘𝑘 + 𝒘𝒘𝑘𝑘−1

𝒛𝒛𝑘𝑘 = 𝑯𝑯𝒙𝒙𝑘𝑘 + 𝒗𝒗𝑘𝑘

𝒙𝒙𝑘𝑘 = 𝑭𝑭 𝒙𝒙𝑘𝑘−1,𝒖𝒖𝑘𝑘,𝒘𝒘𝑘𝑘−1

𝒛𝒛𝑘𝑘 = 𝑮𝑮 𝒙𝒙𝑘𝑘,𝒗𝒗𝑘𝑘

�𝒙𝒙𝒌𝒌− = 𝑨𝑨�𝒙𝒙𝒌𝒌−1+ + 𝑩𝑩𝒖𝒖𝑘𝑘

𝑷𝑷𝑘𝑘− = 𝑨𝑨𝑷𝑷𝑘𝑘−1+ 𝑨𝑨𝑇𝑇 + 𝑸𝑸

Probabilistic interpretation of model and observations

𝑝𝑝 𝒙𝒙𝑘𝑘�𝒙𝒙𝑘𝑘−1
𝑝𝑝 𝒛𝒛𝑘𝑘�𝒙𝒙𝑘𝑘

Kalman Filter

Forecast step (Chapman-Kolmogorov eq.)

𝑝𝑝 𝒙𝒙𝑘𝑘�𝒛𝒛𝑘𝑘−1 = �𝑝𝑝 𝒙𝒙𝑘𝑘�𝒙𝒙𝑘𝑘−1 𝑝𝑝 𝒙𝒙𝑘𝑘−1�𝒛𝒛𝑘𝑘−1 𝑑𝑑𝒙𝒙𝑘𝑘−1

Analysis step (Bayes rule)

𝑝𝑝 𝒙𝒙𝑘𝑘�𝒛𝒛𝑘𝑘 ∝ 𝑝𝑝 𝒛𝒛𝑘𝑘�𝒙𝒙𝑘𝑘 𝑝𝑝 𝒙𝒙𝑘𝑘�𝒛𝒛𝑘𝑘−1
�𝒙𝒙𝒌𝒌+ = �𝒙𝒙𝒌𝒌− + 𝑲𝑲𝑘𝑘 𝒛𝒛𝑘𝑘 − 𝑯𝑯�𝒙𝒙𝒌𝒌−

𝑷𝑷𝑘𝑘+ = 𝑰𝑰 − 𝑲𝑲𝑘𝑘𝑯𝑯 𝑷𝑷𝑘𝑘−



Prediction

Likelyhood of data (includes
measurement noise) 

Analysis

𝑝𝑝 𝒙𝒙𝑘𝑘−1�𝒛𝒛𝑘𝑘−1 𝑝𝑝 𝒙𝒙𝑘𝑘�𝒛𝒛𝑘𝑘−1

𝑝𝑝 𝒛𝒛𝑘𝑘�𝒙𝒙𝑘𝑘

𝑝𝑝 𝒙𝒙𝑘𝑘�𝒛𝒛𝑘𝑘

Particle Filter
Sequential Importance Sampling

The analysis step attributes weights 𝑞𝑞𝑖𝑖 (likelyhoods, 
summing to 1) to the 𝑖𝑖 = 1, … ,𝑀𝑀 particles, which
are used to compute the posterior pdf

The problem of degeneracy: the likelihood of 
most particles becomes close to zero after a few 
iterations. Need to re-sample!

Kish's Effective Sample Size
𝑀𝑀𝑒𝑒𝑒𝑒𝑒𝑒 = �1 ∑𝑖𝑖=1𝑀𝑀 𝑞𝑞𝑖𝑖2

Model noise is
introduced here!



Various resampling algorithms in the literature, variants of 
a similar basic concept

Select 𝑀𝑀 new particles �𝒙𝒙𝒌𝒌
𝑗𝑗+

from the previus �𝒙𝒙𝒌𝒌
𝑖𝑖−

particles such that
𝑃𝑃 �𝒙𝒙𝒌𝒌

𝑗𝑗+ = �𝒙𝒙𝒌𝒌
𝑖𝑖− = 𝑞𝑞𝑖𝑖

This is done repeating𝑀𝑀
times these two steps:
1. Generate a random 

number 𝑟𝑟 sampling 
from 𝒰𝒰 0,1 .

2. Assign the value �𝒙𝒙𝒌𝒌
𝑖𝑖− to 

�𝒙𝒙𝒌𝒌
𝑗𝑗+ according to 
𝑄𝑄𝑖𝑖−1 < 𝑟𝑟 ≤ 𝑄𝑄𝑖𝑖𝑄𝑄𝑖𝑖 = �

𝑘𝑘=1

𝑖𝑖
𝑞𝑞𝑘𝑘





Model (and its ‘non-
observable’ parameters)

Forcing data

States 
Observation

Data
State estimation

Improved
State estimation

Model inversion

Bayesian estimation

What about
parameter
estimation?



Parameter
estimation

Model

Forcing data

States 
Observation

Data
State estimation

Improved
State estimation

Bayesian estimation

Filter augmentation



Model (and its ‘non-
observable’ parameters)

Forcing data

States 
Observation

Data
State estimation

Improved
State estimation

Variational methods
for Model Inversion



Multivariate 1D-Var
Multidimensional (e.g. 4D) Var is mostly used in meteorology and oceanography)

State estimation as a time-continuous initial value problem
𝑑𝑑𝒙𝒙
𝑑𝑑𝑑𝑑

= 𝑭𝑭 𝒙𝒙,𝜽𝜽,𝒖𝒖 + 𝒘𝒘
𝒛𝒛 = 𝑮𝑮 𝒙𝒙 + 𝒗𝒗

𝑡𝑡 ∈ 𝑡𝑡0, 𝑡𝑡1 𝒙𝒙 𝑡𝑡0 = 𝒙𝒙0

Global penalty function with adjoined model constraint
through Lagrange multipliers

𝜽𝜽 is the ‘non-observable’ parameters set

Assimilate a number of observations 𝒛𝒛𝑘𝑘 = 𝒛𝒛 𝑡𝑡𝑘𝑘 , 𝑡𝑡𝑘𝑘 ∈ 𝑡𝑡0, 𝑡𝑡1 , 
𝑘𝑘 = 1, … ,𝑁𝑁 through the minimization of:

𝑱𝑱 𝒙𝒙,𝜽𝜽,𝝀𝝀�𝒛𝒛𝑘𝑘 = 𝜽𝜽 − �𝜽𝜽 𝜞𝜞𝜃𝜃 𝜽𝜽 − �𝜽𝜽
𝑇𝑇

+ �
𝑘𝑘

𝑮𝑮 𝒙𝒙 − 𝒛𝒛𝑘𝑘 𝜞𝜞𝑧𝑧 𝑮𝑮 𝒙𝒙 − 𝒛𝒛𝑘𝑘 𝑇𝑇 +

+∫𝑡𝑡0
𝑡𝑡1 𝝀𝝀 𝑑𝑑𝒙𝒙

𝑑𝑑𝑑𝑑
− 𝑭𝑭 𝒙𝒙,𝜽𝜽,𝒖𝒖 𝑑𝑑𝑑𝑑 + 𝑖𝑖. 𝑐𝑐. Meaning of the 

three terms?



Global minimization by setting independent variates to zero 

𝜹𝜹𝑱𝑱 𝒙𝒙,𝜽𝜽,𝝀𝝀�𝒛𝒛𝑘𝑘 = 0

�𝜕𝜕𝑱𝑱 𝜕𝜕𝒙𝒙 = 0

�𝜕𝜕𝑱𝑱 𝜕𝜕𝜽𝜽 = 0

�𝜕𝜕𝑱𝑱 𝜕𝜕𝝀𝝀 = 0

𝑑𝑑𝝀𝝀
𝑑𝑑𝑑𝑑

= −𝝀𝝀
𝜕𝜕𝑭𝑭
𝜕𝜕𝒙𝒙

− 𝜞𝜞𝑧𝑧 𝑮𝑮 𝒙𝒙 − 𝒛𝒛𝑘𝑘 𝛿𝛿 𝑡𝑡 − 𝑡𝑡𝑘𝑘

𝑑𝑑𝒙𝒙
𝑑𝑑𝑑𝑑

= 𝑭𝑭 𝒙𝒙,𝜽𝜽,𝒖𝒖

𝜽𝜽 = �𝜽𝜽 + 𝜞𝜞𝜃𝜃
−1 �

𝑡𝑡0

𝑡𝑡1
𝝀𝝀
𝜕𝜕𝑭𝑭
𝜕𝜕𝜽𝜽

𝑑𝑑𝑑𝑑

Forward Model

Backward
Adjoint Model

Parameters Update

Iterate until 𝝀𝝀 → 0
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Soil moisture controls the partinioning of available 
surface energy (Net Radiation minus Ground Heat 
Flux) among Turbulent Latent (evapotranspiration) 
and Sensible Heat Flux 

Caparrini et al., 2003, BLM, 107, 605-633
Bateni et al., 2013, WRR, 49, 950–968





Precipitation

Runoff-formation 
(Soil Moisture state)

Flood wave dynamics 
(River hydraulics)

Variational assimilation approach
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Variational assimilation of LST in 
surface water-energy balance

Schematic Diagram of 
Mass & Energy Balance
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𝑑𝑑𝑇𝑇𝑠𝑠
𝑑𝑑𝑑𝑑

= 𝐹𝐹1 𝑇𝑇𝑠𝑠,𝑇𝑇𝑑𝑑 ,𝐻𝐻 𝑇𝑇𝑠𝑠, … , 𝐿𝐿𝐿𝐿 𝑇𝑇𝑠𝑠,𝑊𝑊𝑐𝑐 , … , …

𝑑𝑑𝑇𝑇𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐹𝐹2 𝑇𝑇𝑠𝑠,𝑇𝑇𝑑𝑑 , …

𝑑𝑑𝑊𝑊𝑐𝑐

𝑑𝑑𝑑𝑑
= 𝐹𝐹3 𝑊𝑊𝑐𝑐 ,𝑊𝑊𝑔𝑔, 𝐿𝐿𝐿𝐿 𝑇𝑇𝑠𝑠,𝑊𝑊𝑐𝑐 , … , …

Reduction to a system of coupled ODE’s (1D-VAR in time)

Observed & analyzed

Analyzed

𝐽𝐽 = �
𝑡𝑡0

𝑡𝑡1
𝐾𝐾𝑇𝑇𝑇𝑇 𝑇𝑇𝑠𝑠 − 𝑇𝑇𝑠𝑠𝑜𝑜𝑜𝑜𝑜𝑜

2 𝑑𝑑𝑑𝑑 + �𝐾𝐾𝑊𝑊𝑊𝑊 𝑊𝑊𝑐𝑐 −𝑊𝑊𝑐𝑐
𝑏𝑏𝑏𝑏 2

𝑡𝑡0
+

�𝐾𝐾𝑇𝑇𝑇𝑇𝑇 𝑇𝑇𝑠𝑠 − 𝑇𝑇𝑠𝑠
𝑏𝑏𝑏𝑏 2

𝑡𝑡0
+ �𝐾𝐾𝑇𝑇𝑇𝑇 𝑇𝑇𝑑𝑑 − 𝑇𝑇𝑑𝑑

𝑏𝑏𝑏𝑏 2

𝑡𝑡0
+ ∫𝑡𝑡0

𝑡𝑡1 𝐾𝐾𝑊𝑊𝑊𝑊 𝑊𝑊𝑔𝑔 −𝑊𝑊𝑔𝑔
𝑏𝑏𝑏𝑏 2

𝑑𝑑𝑑𝑑 +

�
𝑡𝑡0

𝑡𝑡1
𝜆𝜆1

𝑑𝑑𝑇𝑇𝑠𝑠
𝑑𝑑𝑑𝑑 − 𝐹𝐹1 + 𝜆𝜆2

𝑑𝑑𝑇𝑇𝑑𝑑
𝑑𝑑𝑑𝑑 − 𝐹𝐹2 + 𝜆𝜆3

𝑑𝑑𝑊𝑊𝑐𝑐

𝑑𝑑𝑑𝑑 − 𝐹𝐹3 + 𝜆𝜆4
𝑑𝑑𝑊𝑊𝑔𝑔
𝑑𝑑𝑑𝑑 − 𝐹𝐹4 𝑑𝑑𝑑𝑑

Cost function

Weakly coupled
(soil moisture above 
field capacity)

Castillo et al., 2015, WRR, in press



Assimilation of LST up to sept. 13th

Soil saturation (%) (last day of assimil.)

Analysis increment
Background

Analysis



Predictions at stremaflow stations, 
different initial soil moisture
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Predictions at stremaflow stations, 
different initial soil moisture conditions

Peak
discharge
[m3/s]

Precipitation
volume[106m3]



Qmax ~ 2200 m3/s Qmax ~ 2600 m3/s

‘Near-flooding’ event of february 2014



Assimilation of streamflow 
data for the analysis of 
hillslope runoff and river 
flow

One key simplification with respect to 
other ‘fluid flow’ problems:

Knowing the drainage structure, the 
problem may be again reduced to a 
system of coupled ODEs

𝑄𝑄𝑖𝑖
𝑄𝑄𝑗𝑗

𝑞𝑞𝐿𝐿

Cost function

𝐽𝐽 = �
ℎ=𝑖𝑖,𝑗𝑗,𝑘𝑘

�
𝑡𝑡2

𝑡𝑡1
𝐾𝐾𝑄𝑄,ℎ 𝑄𝑄ℎ − 𝑄𝑄ℎ𝑜𝑜𝑜𝑜𝑜𝑜

2
+ 𝐾𝐾𝑞𝑞𝑞𝑞,ℎ 𝑞𝑞𝐿𝐿,ℎ − 𝑞𝑞𝐿𝐿,ℎ

𝑏𝑏𝑏𝑏 2
+ 𝐾𝐾𝑐𝑐,ℎ 𝑐𝑐ℎ − 𝑐𝑐ℎ𝑏𝑏𝑏𝑏

2
𝑑𝑑𝑑𝑑 + 𝐾𝐾𝑄𝑄0,ℎ 𝑄𝑄0,ℎ − 𝑄𝑄0,ℎ

𝑏𝑏𝑏𝑏 2

+∫𝑡𝑡0
𝑡𝑡1 𝜆𝜆𝑗𝑗

𝑑𝑑𝑄𝑄𝑗𝑗
𝑑𝑑𝑑𝑑

− 𝐹𝐹𝑗𝑗 𝑄𝑄𝑗𝑗 , 𝑞𝑞𝐿𝐿𝐿𝐿 , … + 𝜆𝜆𝑘𝑘
𝑑𝑑𝑄𝑄𝑘𝑘
𝑑𝑑𝑑𝑑

− 𝐹𝐹𝑘𝑘 𝑄𝑄𝑘𝑘 ,𝑞𝑞𝐿𝐿𝑘𝑘 , … + 𝜆𝜆𝑖𝑖
𝑑𝑑𝑄𝑄𝑖𝑖
𝑑𝑑𝑑𝑑
− 𝐹𝐹𝑖𝑖 𝑄𝑄𝑖𝑖 ,𝑄𝑄𝑗𝑗 ,𝑄𝑄𝑘𝑘 ,𝑞𝑞𝐿𝐿𝑖𝑖 , …



Assimilation of streamflow 
data for the analysis of 
hillslope runoff and river 
flow

Dealing with sparse observations
along the river network 

𝐾𝐾 �𝑥𝑥, �𝑥𝑥𝑖𝑖 = 𝑒𝑒𝑒𝑒𝑒𝑒 −
𝛼𝛼𝑢𝑢𝑢𝑢,𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

∆𝑡𝑡 �
�𝑥𝑥𝑖𝑖

�𝑥𝑥
𝑑𝑑𝑑𝑑
𝐶𝐶 𝑠𝑠

Dendritic Assimilation Kernel
multiplying the error covariance



Strongly non-gaussian
likelyhood and 
multiplicative 
measurement errors

Domeneghetti et al., Hydrol. Earth Syst. Sci., 16, 2012
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Safety buffer with 
temporary levees





Analysis of hillslope runoff at time of raising limb

m3/s/km2



Analysis increment (% of background)

Analysis of streamflow at time of rainfall start 

>



Prediction of flow peak value
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Prediction of flow peak time

Issue time Data
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Data of river flow at multiple locations

Analysis increment of river flows throught the 
network 

Analysis increment of hillslope runoff

Difficult to adjoin, but at least mass conservation 
and rainfall distribution need to be maintained



Assimilation scheme

Hydrometric data

Analysis increment of river
flows

Analysis increment of hillslope
runoff

Montecarlo sampling of 
Antecedent Soil Moisture, 
rainfall interpolation

Likelihood

Variational assimilation with 
an adjoint



Hillslope runoff analysis 
increment (mm)

RAINFALL (mm)

EXP 1 EXP 2

EXP 3 EXP 4

Exp1: assimilating all the synthetic 
stations

Exp2: assimilating along the mainstream, 
included basin outlet. 

Exp3: assimilating close to main tributaries 
outlet

Exp4: assimilating close to main tributaries 
outlet & basin outlet. 
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… make you own recipe!
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